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Abstract
We compare two-fluid simulations of the GEM
challenge problem with published simulations us-
ing kinetic models (Vlasov and PIC). The ten-
moment model with pressure isotropization agrees
well with kinetic models in the rate of reconnec-
tion, the qualitative structure of the electron dif-
fusion region, and the dominance of the pressure
term in Ohm’s law and is computationally inex-
pensive due to the absence of diffusive terms.

GEM challenge problem
The GEM magnetic reconnection challenge problema

was formulated to compare the ability of different
plasma models to model fast magnetic reconnection. It
initiates reconnection by pinching adjacent oppositely
directed field lines from their equilibrium state.

aBirn et al, Geospace environmental modeling (GEM) magnetic
reconnection challenge, Journal of Geophysical Research—Space
Physics, 106:3715–3719, 2001.

Ten-moment two-fluid model
We neglected all interspecies collision terms. The ten-moment
two-fluid model we used assumes (1) conservation of mass and
momentum and pressure tensor evolution for each species s:

∂tρs +∇ · (ρsus) = 0,

∂t(ρsus) +∇ · (ρsusus + Ps) =
qs

ms
ρs(E + us ×B),

∂tPs +∇ · (usPs) + 2 Sym (Ps · ∇us) +∇ · qs

= 2 Sym (
qs

ms
Ps ×B) + Rs,

and (2) Maxwell’s equations for evolution of electromagnetic
field:

∂tB +∇×E = 0, ∇ ·B = 0,

∂tE− c2∇×B = −J/ε, ∇ ·E = σ/ε.

To provide for isotropization we let Rs = 1
τs

(
1
3

(trPs)I− Ps
)
,

and for the isotropization period we used τs = τ0
√

det Ps
ρ5s

m3
s ,

which attempts to generalize the Braginskii closure; for
the GEM problem this means that τi/τe ≈ (mi/me)

5/4.
Isotropization provides hyperbolic viscosity; rapid isotropiza-
tion is asymptotically equivalent to a small viscosity η ≈ psτs.
We set τ0 = 50. We set qs = 0. For conservation and shock-
capturing purposes we evolve the energy tensor Es := Ps +

ρsusus rather than the pressure tensor. We implemented an
explicit third-order discontinuous Galerkin solver in the DOG-
PACK framework.

Magnetic field (B)
The shape of the magnetic field for our 10-moment simulations
agrees well with kinetic (and 5-moment) simulations.

10-moment two-fluid
B at t = 17.25 (ours)

PIC B lines at t = 15.7,
quoted from [Pritchett01].

results, no averaging over a finite time period had to be car-
ried out here because the Vlasov simulations do not suffer
from artificial numerical noise.

A. Ohm’s law

Within the GEM reconnection challenge it has become
clear that the Hall-MHD model is a minimal model to under-
stand collisionless reconnection.4 In Hall MHD Ohm’s law
has the form

m

ne2

dj

dt
= E + vi ! B !

1
ne

j ! B +
1
ne

! · P! e,

where the resistivity has been neglected. This is the exact
electron momentum equation which can be derived from ki-
netic theory of a collisionless plasma without any approxi-
mations. At large scale lengths only the MHD terms play a
role, while the Hall term and the electron pressure gradient
can be neglected. To investigate the regions in which the

FIG. 2. !Color online" The out-of-
plane magnetic field Bz !upper panel",
the electron out-of-plane current je,z
!middle panel", and the ion out-of-
plane current ji,z !lower panel" at time
"it=17.7.

FIG. 3. Velocity profile at "it=18.1 as a function of x at the location of the
current sheet z=0 for electrons and ions.
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Vlasov Bz at t = 17.7,
quoted from [ScGr06]

PIC Bz at t = 15.7,
quoted from [Pritchett01]

Reconnection Rates
Unlike the hyperbolic 5-moment model, the ten-moment model
gets Ohm’s law right: in agreement with theoretical arguments
and kinetic simulations, the reconnection electric field is pri-
marily supported by nongyrotropic pressure.

Terms of Ohm’s law at the X-point for 10-moment versus Vlasov.

Here we see the differences in the heating of the electrons in
the three directions. In all three cases the maximum is
reached in the outflow region, where the electron velocities
are super-Alfvénic. The heating in the x direction, which is
mainly parallel to the magnetic field lines, is strongest. Pxx is
increased mostly in the outflow region, with only a slight
increase in the diffusion region. In the outflow region Pyy
and Pzz are comparable, because these two directions are
roughly perpendicular to the magnetic field lines. Within the
diffusion region Pyy and Pzz are, however, different. While
Pyy is enhanced in a narrowing X-type region, Pzz shows a
bar-like structure. The reason for this structure of Pzz may be
seen in the acceleration of a part of the electron population in
the z direction. This will become more apparent in the next
section, where the electron distributions are investigated in
detail.

The off-diagonal elements of the pressure tensor are
shown in Fig. 6. The magnitude of these is roughly one order
of magnitude smaller than the diagonal elements which
agrees remarkably well with the results of Kuznetsova
et al.11 The Pxy component !top panel" shows a quadrupolar
structure similar to the out-of-plane magnetic field Bz. The
Pxz component has two extrema left and right of the X line at
the edges of the diffusion region in agreement with Ref. 11.
In addition, we find two more extrema along the y=0 line in
the electron acceleration region and also enhanced values
around the separatrix. Finally, Pyz shows a double bar struc-
ture in the diffusion region and also extrema are found in the
electron acceleration region.

The terms of the pressure tensor that contribute at the X
line x=y=0 are given by !Pxz /!x and !Pyz /!y. In Fig. 7 we
have plotted the inductive electric field Ez at the X line over
time together with the two gradients of the off-diagonal ele-
ments of the pressure tensor. We can clearly observe that the
two contributions !Pxz /!x and !Pyz /!y are roughly equal.
The sum of the two shows are remarkable agreement with
the electric field over the whole time of the simulation. This
indicates that, at the X line, the bulk inertia plays only a
minor role. The bulk inertia scales like !e /L !see Ref. 16",
where !e is the electron inertial length and L is a typical

gradient scale length. Around the zero line of the magnetic
field, the scale lengths of the electron dynamics are given not
by the electron inertial lengths, but by the larger scale of the
meandering electron motion.15,19,27 For this reason, the con-
tribution of the nongyrotropic pressure exceeds the bulk
electron inertia. For more realistic mass ratios we expect the
electron bulk inertia to be completely negligible. The pres-
sure terms should, on the other hand, remain important also
for higher mass ratios. Note that the importance of the non-
gyrotropic pressure has been shown only close to the X line.
Away from the X line, but still inside the diffusion region, we
find the Hall term j"B to play a dominant role.

B. Electron distribution function

To analyze the kinetic mechanism that is responsible for
the generation of the nongyrotropic electron pressure, we
have to look at the structure of the electron distribution func-
tions in the vicinity of the X line. Figure 8 shows isosurface
plots of fe!x ,v" in velocity space for various fixed positions

FIG. 7. Inductive electric field Ez at the X line over time together with the
contributions !Pxz /!x and !Pyz /!y from the pressure tensor.

FIG. 8. !Color online" Isosurface of the electron distribution function in
velocity space for different positions in the simulation box. The red plane is
vz=const, the blue plane is vx=const, and the green plane is vy =const. The
isosurface is drawn at fe!vx ,vy ,vz"= fmax/2 where fmax= fmax!x ,y" if the
maximum value of the distribution function is at position !x ,y". The velocity
box ranges from vk=!3.67 to 3.67 for all three velocity components.
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10-moment Ohm’s law terms Vlasov, quoted from [ScGr06]

Reconnecting flux for 10-moment versus Vlasov. Fluxes are
through the boundaries of the first quadrant of the domain.

constraints we simulate only one quarter of the total system
size: 0!x!Lx /2 and 0!y!Ly /2. The sheet half thickness
is chosen to be "=0.5"i. The temperature ratio is Te /Ti
=0.2 and a reduced mass ratio of mi /me=25 is used. This
reduced mass ratio is consistent with the GEM setup and was
chosen as a compromise between a good separation of scales
!both in space and time" and the computational effort. The
numerical expense was especially high for the kinetic
codes.4,12,13 The reduced mass ratio was also used in the
hybrid codes4,11 for the sake of comparison. A higher mass
ratio !i.e., a smaller electron mass" results in a smaller elec-
tron skin depth which has to be resolved by the grid. At the
same time the numerical time step has to be reduced to re-
solve the electron Larmor frequency. Both effects together
imply that, in a spatially two-dimensional simulation, the
computational cost increases with the square of the mass
ratio for all kinetic simulations independent whether they use
PIC or Vlasov methods. Simulations with substantially
higher mass ratios using the generally more demanding
Vlasov approach, therefore, currently seem out of reach. The
simulation is performed on 256#128 grid points in space for
the quarter simulation box. This corresponds to a resolution
of 512#256. This implies a grid spacing of $x=$y
=0.05"i. The resolution in the velocity space was chosen to
be 20#20#40 grid points. In the vz direction the grid was
extended to account for the electron acceleration in the dif-
fusion region. The simulation was performed on a 32 proces-
sor Opteron cluster and took approximately 150 h to com-
plete.

An initial perturbation

%!x,y" = %0 cos!2&x/Lx"cos!&y/Ly" !13"

is added to the magnetic vector potential component Az. The
magnitude of the perturbation is chosen to be %0=0.1B0 /"i.
The rather high values of the initial perturbation generates a
single large magnetic island. The initial linear growth of the
tearing mode is bypassed and the system is placed directly in
the nonlinear regime. The reason for this relatively strong
perturbation is that the initial growth of the instabilities de-
pends strongly on the electron model. In contrast to this, the
GEM challenge demonstrated convincingly, that the later
nonlinear stage is not sensitive to the details of the underly-
ing model.

IV. SIMULATION RESULTS

As a measure of the reconnected magnetic field we use
the difference $' of the magnetic vector potential compo-
nent Az between the X point and the O point. Figure 1 shows
the reconnected magnetic flux as a function of time. The
evolution of $' agrees very well with the results of other
simulations of the GEM challenge.14 After an initially small
increase, the flux starts to rapidly increase at t(i#15. A
value of $'=B0 /"i is reached at t(i#17.7. This is slightly
later to what is observed in the PIC simulations. Pritchett12

reports a time t(i#15.7 where the same flux level is
reached. While the level of saturation is comparable to the
other GEM results, it is again reached slightly later than in
Ref. 12 at time t(i#30.

The upper panel of Fig. 2 shows the out-of-plane mag-
netic field Bz at (it=17.7. One can clearly identify the qua-
drupolar structure generated by the Hall currents.25,26 The
peak value of the magnetic field $Bz$ in the island structure is
#0.17B0 and is located at $x$#1.7"i. This is a somewhat
lower magnetic field than in Ref. 12 and is also located
slightly closer to the X line. In the course of the simulation
both the size of the magnetic island and the magnitude of the
peak magnetic field increase. For this reason, the differences
to the PIC simulations can be attributed to the small differ-
ences in the temporal behavior. This also explains the mag-
netic field towards the top and bottom boundaries of the
simulation box. These fields, which can be seen in Fig. 2,
have essentially disappeared at (it=20, approximately the
same time that the peak magnetic reconnection rate is seen.

The middle and lower panel of Fig. 2 show the electron
and ion out-of-plane current densities je,z and ji,z at
(it=17.7. While the ion current density almost exactly fol-
lows the ion number density ni, the electron current density
is strongly enhanced near the X line where the number den-
sities are depleted. The thickness of the electron current layer
is smaller than the ion skin depth but larger than the electron
skin depth. The size is determined by the meandering motion
of the electrons around the neutral line. In addition to this
current sheet, we can observe thin current layers emanating
from the X line which run along the separatrix. These struc-
tures have not been reported in previous PIC simulations but
can be seen in Hall MHD simulations.4 We point out again
that the mass ratio in the GEM simulations was fixed at
mi /me=25 for both PIC4,12,13 and hybrid4,11 simulations. The
difference between the Vlasov code and the PIC code, there-
fore, can only be explained by the differences in the numeri-
cal approach.

The electron and ion bulk velocity profiles vx!x" along
the direction of the current sheet are shown in Fig. 3. One
can see that the electrons are ejected away from the X line at
super-Alfvénic speeds. These velocity profiles are almost
identical to those reported in Ref. 12. In contrast to those

FIG. 1. Time evolution of the reconnected magnetic flux ' throughout the
simulation run.
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10-moment reconnection Vlasov, quoted from [ScGr06]

Times for each model at which the magnetic flux through the
positive x-axis reached one nondimensionalized unit:

model time study
Vlasov 17.7/Ωi [ScGr06]
PIC 15.7/Ωi [Pritchet01]
10-moment 17.2/Ωi [JoRo10]
10/5-moment 17.6/Ωi [Hakim07]
5-moment 15.6/Ωi [HaLoShu06]
5-moment 15.3/Ωi [LoHaShu10]
5-moment 13.0/Ωi [JoRo10]

Electron pressure tensor
The 10 moment model gets Ohm’s law right because it resolves off-diagonal pressure tensor components.

!!vi!B"z. This term becomes nonzero when ions can move
across the magnetic field lines in a region of a few ion iner-
tial lengths around the X line. Again two peaks can be ob-
served in the outflow region. The peak values are, however,
less than half of the inductive electric field. A striking feature
in this picture is the almost circular ring around the X line,
where the ions become demagnetized. The sheets of en-
hanced value along the separatrix are narrower than those

observed from the Hall term. They have the same sign as the
peaks near the X line and therefore partially cancel the Hall
term.

Figures 5 and 6 display the components of the electron
pressure tensor. Although only the two mixed elements Pxz
and Pyz play a role in the z component of Ohm’s law, the
other elements are shown for completeness. The upper panel
of Fig. 5 shows the diagonal terms of the pressure tensor.

FIG. 5. !Color online" The diagonal
components of the pressure tensor at
time "it=17.7.

FIG. 6. !Color online" The off-
diagonal components of the pressure
tensor at time "it=17.7.
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Diagonal components of the electron pressure tensor
for our 10-moment simulation at Ωit = 18

Schmitz and Grauer’s diagonal components
for Vlasov simulation at Ωit = 17.7 [ScGr06]

!!vi!B"z. This term becomes nonzero when ions can move
across the magnetic field lines in a region of a few ion iner-
tial lengths around the X line. Again two peaks can be ob-
served in the outflow region. The peak values are, however,
less than half of the inductive electric field. A striking feature
in this picture is the almost circular ring around the X line,
where the ions become demagnetized. The sheets of en-
hanced value along the separatrix are narrower than those

observed from the Hall term. They have the same sign as the
peaks near the X line and therefore partially cancel the Hall
term.

Figures 5 and 6 display the components of the electron
pressure tensor. Although only the two mixed elements Pxz
and Pyz play a role in the z component of Ohm’s law, the
other elements are shown for completeness. The upper panel
of Fig. 5 shows the diagonal terms of the pressure tensor.

FIG. 5. !Color online" The diagonal
components of the pressure tensor at
time "it=17.7.

FIG. 6. !Color online" The off-
diagonal components of the pressure
tensor at time "it=17.7.
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Schmitz and Grauer’s off-diagonal components
for Vlasov simulation at Ωit = 17.7 [ScGr06]

References
[JoRo10] E. A. Johnson and J. A. Rossmanith, Ten-moment two-

fluid model agrees well with PIC/Vlasov in GEM problem,
submitted to proceedings of HYP2010 (2010).

[Pritchett01] P. L. Pritchett. Geospace Environment Modeling
magnetic reconnection challenge: Simulation with a full par-
ticle electromagnetic code. Journal of Geophysical Research, vol.
106, no. A3, pp. 3783–3798 (2001).

[ScGr06] H. Schmitz and R. Grauer. Kinetic Vlasov simulations
of collisionless magnetic reconnection. Physics of Plasmas, 13,
092309 (2006).

[HaLoSh06] A. Hakim, J. Loverich, and U. Shumlak. A
high-resolution wave propagation scheme for ideal two-fluid
plasma equations. J. Comp. Phys., 219:418–442 (2006).

[Hakim07] A.H. Hakim. Extended MHD modelling with the ten-
moment equations. J. Fusion Energy, 27:36–43 (2008).

[LoHaSh10] J. Loverich, A. Hakim, U. Shumlak. A Discontinu-
ous Galerkin Method for Ideal Two- Fluid Plasma Equations.
Submitted to Communications in Computational Physics (2010).

1


