
Space Weather - Homework due

Fr. Jan 11

The purpose of this assignment is to make

sure that you understand the material from the

lessons on November 29th and December 7th that

you will be expected to know for the examination.

Please feel free to contact me if you have any

questions. My contact information is:

E. Alec Johnson,

Departement Wiskunde

office: room 04.33,

Celestijnenlaan 200B

desk phone: +32 16 32 79 64

cell phone: +32 493.57.65.51

email: Alec.Johnson@wis.kuleuven.be

office hours: 10-12 & 14-17pm

daily, but it’s good to confirm

before coming.

Problem 1

Complete the derivation of MHD that you

started in Problem 3 of Homework 3:

1. Obtain conservation of total energy density

by summing the energy (density) evolution

equations of the ions and electrons. Again,

assume that drift velocities ws are small

and ignore them where appropriate. What

would be the net contribution of collisions

to total energy evolution if you were to re-

tain resistive drag in the energy evolution

equation in Problem 1?

2. Derive a net current density evolution

equation by summing the current den-

sity evolution equations of the two species.

Throw away all differentiated terms (with

respect to space or time) and solve for the

electric field to obtain Ohm’s law. As-

sume charge neutrality and that the mag-

nitude of the charge of the ions and the

electrons is the same (e). (So ρi = nmi and

ρe = nme, where n is the number density

of either of the two species.) What simpli-

fication can you make in the case of a pair

plasma? (For a pair plasma, mi = me.)

Problem 2

Find the three main MHD waves by lineariz-

ing around a background state (ρ0, (u)0 =

0, p0, (B)0, where (B)0 is parallel or perpendicu-

lar to the wave vector k. You can linearize MHD

and use the linearized equations as your starting

point for each part.

1. Show that there are compressional acous-

tic waves (sound waves) that propagate

parallel to the magnetic field independent



of the magnetic field strength.

2. Show that there are transverse magnetic

field waves (Alfvén waves) that propa-

gate parallel to the magnetic field.

3. Show that there are compressional mag-

netosonic waves (fast magnetosonic

waves) that propagate perpendicular to

the magnetic field.

Hint: assume that ∂y = 0 = ∂z. You can as-

sume without loss of generality that B = |B|x̂

or B = |B|ŷ. These assumption will put many

zeros in the matrix of coefficients and will allow

you to decouple it into small subsystems that you

can easily solve. Alternatively, you can impose

an ansatz (an assumption that helps you find a

solution) and solve. The bottom line is that you

have to exhibit a solution. Remark: it is enough

if you derive a wave equation for each of these

problems with waves moving at the correct speed.

Problem 3

Find the exact solution of the two-fluid system

assuming that:

1. all spatial derivatives are zero and

2. the magnetic field is zero.

Hint: the system decouples into three separate

3x3 linear systems with constant coefficients, one

for each dimension. They are all the same, so

pick one of them and solve it. What frequency

shows up in your solution? (Compare with slide

number 3, titled “Modeling parameters”, in the

lecture presentation from November 29th.) Re-

mark: it is enough if you derive a scalar ODE

with oscillations at the correct frequency.

Problem 4

The momentum evolution equation that you de-

rived in Problem 1 should have a J × B source

term. Assume that ∂tE = 0 (another funda-

mental assumption of MHD). Use Ampere’s law

(J = µ−1
0 ∇×B), vector calculus, and the diver-

gence constraint ∇ ·B = 0 to write J × B as a

divergence. This puts the total momentum evo-

lution equation in conservation form, shows that

momentum is conserved, and suggests a way to

define the pressure of the magnetic field.

Problem 5 (Challenge problem)

The energy evolution equation that you derived

in Problem 1 should have a J ·E source term.

Use vector calculus (εijk may be handier) and the

version of Maxwell’s equations used by MHD to

write it as a divergence plus the time derivative

of something. (Hint: after doing Problems 4 and

5 you should have used each Maxwell equation

used in MHD at least once.) Use this to put en-

ergy evolution in conservation form. How should

the energy of the magnetic field be defined?
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