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Derivation of the 13-moment evolution equations (without closure).
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The kinetic equation

combination of the
pseudo-temperature © and its
isotropization:

@ Collision operator
Conservation:

@ The kinetic equation:

Oyf + Vy-(vf) + Vy-(af) = C \

@ Lorentz force law

/v [nx}uz] e

Entropy:

/llong <0.
v

Gaussian-BGK collision
operator

For C we can obtain relaxation
closures with a Gaussian-BGK
collision operator which relaxes
toward a Gaussian distribution:

p exp (—c-5*1 -c/2)

=
© \/ det(270)

© = (cc) = [ccfdv/ [ fdv,
B =pll+10, (T+v=1),

=1/Pr=r1/7.

N

Here 7 is the heat flux relaxation
period, 7 is the relaxation period
of deviatoric pressure, and Oé

respects entropy if Sis positive
definite (i,e. 0 < v < 3/2). Inthe
limit 7 , 0 heat flux goes to zero

and the solution approximates
hyperbolic Gaussian-moment
(10-moment) gas dynamics.

B — 1
o Cc=cg="—,
a= 7 (E+vxB) T

where the Gaussian distribution fg
shares physically conserved
moments with f and has
pseudo-temperature © equal to an
affine (not necessarily convex!)

Use of a Gaussian-BKG collision
operator allows one to tune the
viscosity © = pr and the thermal
conductivity k = 3 ..
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Conserved Moments

[Products and powers are uncontracted
tensor operations.]

Conserved moments are moments of

monomials in v. Let x = x(v). Take the xth
moment of the kinetic equation:

/x(aff + Vx+(vf) + Vy-(af) = C)
v
Integrate by parts to get
arfvxf —+ V'IVVXf
= fvfa'VVX+vac

Choose x = v". Define

o= /an,
v

¢ = /v"C.
v

Then

M

a-Vyx = ZnSym (EV”*1 +v7 x B) .

Substituting into equation (1) gives:
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General conserved moment evolution

OHF" + V.E™ = Snsym (EF"*‘ +F x B) +c"

This is a hierarchy of conserved moment evolution equations:
oF° +V.F' =0,
HF' + V.F2 = Z(EF° + F' x B),
OF? + V.F? = 92Sym(EF' 4+ F? x B) + C?
OF° + V-F* = 23Sym(EF* + F° x B) + C°.
Denote traces of conserved moments by
Fl =trF", €] =trC"
Taking the trace of the equations for F? and F® yields
oF2 + V-F2 = 92E.F + C,
OF% + V-Fé — 2 [2E.F 1 Sym(EF?) + Sym(Fl x B)] + C2,
where we have used that
trnSym(EF"~") = 2E-F"~' + (n — 2) Sym(Etr F"~ ),
trnSym(F” x B) = (n — 2) Sym(trF” x B).
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13-moment equations in conserved variables

To summarize:

13-moment evolution equations in conservation form

OF° +V.F' =C’ =0,
&F' + V-F? = 9(EF° + F' x B) + C',

8F? + V-F® = 92Sym(EF' + F? x B) + C?
OF3 + V-Fy = £ [2E-F2 + Sym(EF?) + Sym(F} x B)| + €}
where

F' = /v”f, I~={} = /trv”f, c" = /V”C.
v v v
The challenge is to find closures for F3 and I~=f'r in terms of the evolved moments for which the

operator on the left hand side maintains hyperbolicity.

Closures for the collisional terms come from the assumed collision operator. Anticipating, for
Gaussian-BGK,

— [, lef?cf

7

c'=0, ¢C?

—(J, ccf)° ~
_ —Ueeen® where 7 :=Pr7, Ci=
.
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Primitive moments

@ Fluid closures should be Galilean invariant.
In the classical approximation, under a Galilean shift B’ =B and E’ = E+ (v —Vv’) x B so
that the Lorentz force is invariant. The kinetic equation is therefore Galilean-invariant, so we
require fluid closures to be Galilean-invariant.

@ Primitive moments are Galilean-invariant

Definitions:

p=/f
v

(x) = Jux
p
v)

~

u
[ v—u

F? ::/c”f
v

Specifying closure in terms of primitive moments F” ensures that closures are
Galilean-invariant.
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Eliminating primitive variables

To express primitive moments in terms of conserved
moments we observe that

¢ =sym(c"] = Sym[(v — u)"]

n PN i i
:Symj:ZO(—U/(j)u/v 1,

Primitive moments are thus given in terms of
conserved moments by

n _ . i (MYWEi
F Symjzzo( 1)(,') F

=F" + sym 5(—1)1' (7) wE—

j=1
+(=1)"(1 = n)pu”.

That is,

F =y
F'=o,

F2 = FZ — pu27

F=F_ Sym(3u?2) + 2pu3,

F=F_ Sym (4u?3 — GUZEZ) — 3pu4

Taking traces,
2 =2 2
Fy =Fy — plul",
F3 =F2 — F2u—2u-F? + 2p|ul?u,
4 =4 =3 =3
Fy =F; — 2Sym(uFy) — 2u-F
+ UPF2 + |ulPF? + 4Sym(u® - F?) — 3p|ul®u®.

Solve for the higher conserved moments F° and F and
substitute into the 13-moment system (2). Assuming

E=0=BandC? =0 = C}, we get:

13-moment system in evolved conserved moments

oHF° + V.F' =0,

oF' +V.F? =0,

OF + V- (Sym (3uF?) — 2pu3) +V-F =0,
OFy + V- (28ym (uF}) +2u-F)

- V. (uzﬁf, + |ul?F? + 4 Sym (U -FZ))

+v. (3p|u\2u2) +V.F =0

5 = =4 23 3E2 5 P .
F* =F —Sym (5UF — 10u"F"+10u"F )+4PU We seek closures for the primitive moments F* and Fy in
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terms of the lower primitive moments p, F?, and FS.
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Eliminating conserved variables

To express conserved moments in terms of primitive Taking traces,
moments we observe that

v =Sym[v"] = Sym|[(u + ¢)"]

= 2 2
Fy =plul” + Fy,

F2 =p|u’u+ F2u+2u-F? + F,

n
m oo
=Sym (,)U’C"_/. =4 2 2 2p2 2p2 2 2
,; j Fy =plul"u” + u"Fy + [u["F" + 4 Sym(u” - F)
Conserved moments are thus given in terms of 42 Sym(uFf’r) +ou-F 4+ F;tr

primitive moments by
Use these relations to eliminate conserved variables. Get:

n
Fl=sym} (7) W 13-moment evolution of primitive variables in
=0 conservation form
=F" 4 Sym ni:z (;’)ufF"*f T U, Ap + V-(pu) = 0,

That is, . Oulpu) + V- (pu2 + F2) =0

F=p, B (pu2 + F2) +V- (pu3 + Sym (3uF?) + F3) =0,

Fl= o, & (plufPu+Fou+2u-F* + F ) + V- (pluf’u®)

P 1 P 2p2 22 2 g2

F = pu® + Sym (3uF®) + F°, v (u Fir + [u[°F" 44 Sym(u”-F ))

F* = pu* + sym(6u®F? + 4uF®) + F* +V. (2 Sym(uF3) + 2u - F3) + V-Fi =0.

F° = pu® + Sym(10u3F? + 10u°F® 1 5uF*) +F°, @)
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Mapping onto Torrilhon

To map onto [Torrilhon09], make the definitions
p=F, 2q=F,
3p=F;, m=F, R=F;.

Then system (3) reads

Otp + V+(pu) =0,
dr(pu) + V- (,ou2 +Q =0,
) (pu2 +Q +V- (pu3 + Sym (3ug) + g) =0,

) (p|u\2u +3pu +2u-p+ 2q)

+ V. (p|u|2u2 +3u?p + [u[?p + 4 Sym(u? - p) + 4 Sym(uq) + 2u- m + Q) =0,

which, after dividing the last equation by 2, concurs with system (4.16) in [Torrilhon09].
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Primitive moment evolution equations

One can also express the evolution equations putting it together,

entirely in terms of primitive variables. While it is . L . u

possible to do this by combining equations, Multiply the kinetic equation Dix = (a —dju—c- qu) Vex (5)
probably an easier way is to take primitive = ) .

moments of the kinetic equation directly. Dif =C But solving momentum evolution

by x to get u 2 — 1
Relations for primitive moments: Yxtog pdpu+ V-F* = p(a) +C

for d}‘u, substituting in (5), and defining

c(t,x,v) = v —u(t,x) Dy(xf) = Dyx + xC.

L ]

a:=a—(a)=_cxB
Sy =/ @ "
n gives
x(t,x,v) = x(c) =¢ But observe that for x(c):
!

Vvx = Vex Dt:d¥+a-vv~, DtX:(a *C'qu) - Vex
v —
d = OV dyx = (&) Vex fIE-c - Vex ©
pla)y = [ = —(d'u)- Vex, °
Di(a) = 9t + Vx-(Va) + Vy-(ax) df =df +¢-Vyx
Dy =0 +V-Vx+a-Vy=D;

Di(aB) = (D)8 + aDifB

Substituting (6) into the kinetic equation (4) and integrating over velocity space yields a generic evolution equation
for primitive moments:

A(p(x)) + V-(pu(x) + V-(p(ex)) = (V-F* =€) - (Vex) + p( (8" —€-Vu) - Vox) + [, xC.  (7)
Now impose that x(¢) = ¢". For a generic o, o - V¢ (€¢”) = nSym (gc"f‘) . So
p{(@ —c-Vu)-Vee") = npSym ((@’ —c-Vu)c" ') = nSym (4F" x B — F". Vu) (8)
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Primitive moment evolution equations

Substituting identity (8) into equation (7) gives an evolution equation for primitive moments:

5F"+nSym (F"~'(C" = V-F?) + F"- Vu) + V-F"* = nSym (ZF" x B) +C" |

where
F7 = (c") =F"/p
is a generalized pseudo-temperature tensor. For n = 2 and n = 3 this says:
6:F% +2Sym (F?. vu) + V-F® = 2Sym (ZF? x B) + C?,
5F° +38ym (F(C' - V-F?) + F°. Vu) + V-F* = 3Sym (&F° x B) + C°.
To facilitate taking the trace, use the general relations
trnSym(M" - A%) = (n — 2) Sym(MJ - A%) + 2M" : A2

trnSym(M"~'A") = (n— 2) Sym(MI~'A") + 2Sym(M"~T . A)
trnSym(M"” x B) = (n — 2) Sym(M{! x B)
Taking traces gives
&F2 +2F : Vu + V-F = C,
§F2 + (IF2 + 2F%) . (C' — V-F?) + F} . Vu+ 2F°* : Vu + V-F} = 4F2 x B+ C{.
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To summarize:
13-moment primitive moment evolution equations

Stp:CO,
pdiu + V-F2 = 95 (E +u x B)+C,
5iF2 +2Sym (F?- Vu) + V-F® = 2Sym (4F2 x B) + C2,

8F3 + (IF2 4 2F2) . (C' — V-F?) + F3 - Vu + 2F%: Vu + V-F}

3 3
= %Ftr x B+ Cj.

To map onto [Torrilhon09], use/recall the definitions

©=F, p=F, 2q9=F,

39=F2, 3p=F2, m=F, R=F.

13-moment primitive moment evolution equations (Torrilhon’s notation)

Stp:CO,
pdiu+V-p=2p(E+uxB)+C'

Stp+2Sym (p-Vu) + V-m=2Sym (1p x B) +C?,

61(29) + (301 +20) - (R — V-p) +2q-Vu+2m: Vu + V-R = 12q x B + C}.
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