Calculation of 10-moment eigenstructure
by E. Alec Johnson, June 2008

I have verified the ten-moment eigenstructure calculated in this document with extensive computational
checks.

1 The ten-moment system

1.1 Ten-moment system in conservation form

For use in shock-capturing methods, we express the ten-moment system in terms of fluxes and sources of
(quasi-)conserved quantities, i.e., in the balance law form ¢ + V - f(q) = s(q). For a single species, the
full 10-moment system in balance law form specifies the flux and sources of mass density p, momentum
M = pu, and the energy tensor E = puu + P,

dp+V - (pu) =0,
Ou(pu) +V - (puu+P) = Lp(E+u x B),

d(puu+P) + V - (puuu + 3 Sym(uP)) = %2 Sym(puE + (P + puu) x B).

To write this entirely in terms of conserved variables, we note that u = M/p and P =E — MM/p. So
8t,0 +V -M= 0,
GM+V -E=-L(pE+M x B),
m

3Sym(ME) 2MMM
2

OE+V - ) = L2Sym(ME +E x B, (1.1)

These equations expressed for ions and electrons and combined with Maxwell’s equations comprise a set
of 26 equations in 26 unknowns.

1.2 Quasilinear system in primitive quantities

Shock-capturing limiters need the eigenstructure of the quasilinearized system. To calculate the eigen-
structure, we put the system in quaslinear form. The eigenstructure is most easily calculated in primitive
variables. In primitive variables and quasilinear form the full system is

op+u-Vp+pV-u=0

-P
8tu+u-Vu+L:g(E+u><B)
p m

OP+u-VP+PV-u+ PS(P-Vu) = — PS(P x B)

g
m



1.3 Quasilinear 1-D system in primitive variables

Assuming homogeneity in all space dimensions except the first (z), the 1-D system in primitive variables

becomes

375,0 + Ulaxp + Pazul =0,

0. P1.
ou + w10 u + it -

L

p m

WP + w10, P1. + PO uy + &S(Pq@xu) =

E +ux B),

m

PS(P x B).

We align derivatives to prepare to put this quasilinear system in matrix form.

0= 0p +u10xp + pOruy,

€

E+u><B):8tu
m

LPS(P x B) = g,P
m

In matrix form this reads

[p] [ p 0O 0
Uy 0 (VA1 0 0
Ug 0 0 Uy 0
us 0 0 0 (5%
Py + 0 3Py 0 0
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2 Eigenstructure for primitive variables
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+ PO, uy + LS(P.l&Eu) + u10.P;..

Uy

U2

us
P11
P12
Pi3
Pa3
Pas

P33 |

3=

0
Ey + (u2B3 — u3B3)
Es + (u3B1 — u1 B3)
E3 + (u1 By — u2By)
2(P12B3 — P13By)
P13B1 — Po3 By + (P22 — P11) B3
P3y B3 — P12 By + (P11 — Pa3) B
Po1 By — P31 By + (P33 — Pa2) By
2(P23 By — P21 B3)
2(P31 By — P32 By)

If we neglect the source term, the eigenvalues of the matrix represent wave speeds, and the corresponding
eigenvectors represent the corresponding waves. Let u :=: u; + ¢ denote wave speed (i.e., ¢ is wave speed in
the reference frame moving with the fluid, where u; = 0). To find the eigenstructure of the quasilinearized

system we put the matrix

[—c p 0 0
0 —c 0 0
0 0 —c 0
0 0 0 —c
0 3Py 0 0
0 2P Ppg 0
0 2P3 0 P11
0 Pog P31 Py
0 Poy  2IP19 0

L0 P33 0 2Pg3

in upper triangular form.
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2.1 Right primitive eigenstructure

For the right eigenvectors we combine rows to do so:

1
1
]
~

[—c  p 0 0 0o 0 0 0 0 O p
0 —pc2 0 0 c 0 0 0O 0 O uy
0 0 —pc? 0 0O ¢ 0 0O 0 O U9
0 0 0 —pc2 0 0 ¢ 0 0 O u3
0 3P 0 0 - 0 0 0 0 0 Pu| 0
0 2P12 IP)H 0 0 —C 0 0 0 0 Plg
0 2P13 0 ]P’n 0 0 —C 0 0 0 Plg
0 ng Pgl Pgl 0 0 0 —C 0 0 ng
0 PQQ 2P12 0 0 0 0 0 —C 0 IPQQ

L 0 P33 0 2P13 0 0 0 0 0 —C] _ng_

So

—c P 0 0 0 0 0 0 0 071 [p]
0 3P — pc? 0 0 0 0 0 0 0 0 u
0 2P Py — pc? 0 0 0 0 0 0 O Us
0 P15 0 Pyy—pc2 0 0 0 0O 0 O us
0 3P11 0 0 —C 0 0 0 0 0 ]PH -0
0 2P12 ]P)n 0 0 —C 0 0 0 0 IP)12
0 2]?13 0 ]P)H 0 0 —C 0 0 0 ]P)lg
0 ng ]P)31 Pgl 0 0 0 —C 0 0 ng
0 PQQ 2P12 0 0 0 0 0 C 0 PQQ

L 0 P33 0 2]P’13 0 0 0 0 0 —CJ _IP)33_

Denote the fast and slow speeds by

3P P
Cfi= -, Cg 1= —_—
p p

In the most difficult case, where ¢ = fcf, we have that 3P — pc?c =0, so Py — pc?c = —2Py;1.

So right eigenvectors are

c: :I:\/& :l:\/IP—T 0
P P
Rk r oP1; 117107 107/ ro1 ro] ol
(31 :ECfPH 0 0 0 0 0 0
u9 :I:CfPlg :i:CS 0 0 0 0 0
us :thPlg 0 :|:Cs 0 0 0 0
P11 3P11 P11 0 0 0 0 0 0
Pp| = 3PPy Py || 0 ol |o| [o] |0
P13 3P13P11 0 P11 0 0 0 0
Po3 P3Py + 2P13P12 Py3 P12 0 1 0 0
Pao P21y + 2P12P12 212 0 0 0 1 0
[ P33 [ P33Py +2P3P3] | L O | [2P3] | LOJ L[O] [O] [1]




2.2 Left primitive eigenstructure

To find the left eigenstructure, we combine columns to reduce to upper triangular form.

_ /T

p - p 0 0O 0 0 0 0 0 07
U1 0 —c 0 0 1/p 0 0 0 0 O
U 0 0 —c 0 0 1/p O 0 0 O
us 0 0 0 —-c 0 0O 1/p 0 0 0
Py 0 3P;; O 0 -c 0 0 0 0 0| 0
P12 0 2P12 Pll 0 0 —C 0 0 0 0 '
[Plg 0 2P13 0 Pll 0 0 —C 0 0 0
ng 0 ]P)Qg Pgl Pgl 0 0 0 —C 0 0
]P)QQ 0 IP)QQ 2P12 0 0 0 0 0 —C 0
_IP)33_ L 0 ]P)33 0 2P13 0 0 0 0 0 —CJ
In case ¢ # 0 this reduces to
r 01" = 0 0 0 0 0 0 0 0 07
uq 0 —c 0 0 0 0 0 0 0 O
U2 0 0 —c 0 0 0 0 0 0 O
us3 0 0 0 —c 0 0 0 0o 0 O
P11 0 3P 0 0 3Py —pc? 0 0 0 0 0f_,
P 0 2P, Py O 2P Py — pc? 0 o o0 o 7
Plg 0 2[9)13 0 PH 2P13 0 Pll - pC2 0 0 0
P23 0 Pz P31 Po P23 P3y Poy —c 0 0
[PQQ 0 ]P)22 2P12 0 ]1])22 2P12 0 0 —C 0
_ng_ L 0 ]ng 0 2P13 ng 0 2P13 0 0 —C

Here the most difficult case is ¢ = *c¢;, when Py = ch, so 3P1 — ch = 2IP1;. The left eigenvectors for
nonzero speeds are thus

¢ | x/En N
[ p ] ’ 0 7 i 0 T T 0 ]
uy 3Py —P12lP1q —P13P11
u9 0 PHPH 0
us 0 0 PMPH
Py ~ *ef FeslPio FeslPis
P13 0 0 ﬂ:CsPH
Pos 0 0 0
Pys 0 0 0
| P33 | L 0 | . 0 |1 L 0 |

I don’t think we really need the left eigenvectors for ¢ = 0, but they are readily obtained from the original



system, and here they are:

— -/

P [3P11] i 0 0 T i 0 ]
Ul 0 0 0 0
U 0 0 0 0
U3 0 0 0 0
Pu| —p 4P15IP13 — P3Py 4P%, — P11 Py 4P3, — P11 Pss
Pl — M| 0 T —3P11P13 tos —6P12P14 o 0
P13 0 —3P11 P12 0 —6P13P14
Pos3 0 3P%, 0 0
Pao 0 0 3P%, 0
P L0 | i 0 | 0 3P

3 Eigenstructure for “conserved” variables

Let
¢:= (0, M,E)" = (p, pu, piius + P)"
denote conserved quantities, and let
p=(p.u.P)" = (p,M/p,E — MM/p)"

denote primitive quantities, where for an arbitrary symmetric tensor P we define the tuple P to be the six
distinct components listed in the following order:

~ T
P := [P11, P12, P13, Pos, Pog, P3s] .
In the one-dimensional case, the balance law states

4, + f(@)z = s(@)-

3.1 General theory of state variable conversion

In quasilinear form this reads

4, +fa-q, =5

X
Converting to primitive variables, 4, P+ fq- 4, P, =5 ie.,
b,y forg) p,=s
Let QL and QR denote conservative left and right eigenvectors with eigenvalue A:

fq'QR:Aqu QL- :)\QL.

e

I3
Il
I3
B
IS
I3
Il
IS
<



are the corresponding primitve left and right eigenvectors of the primitive-variable wave propagation matrix
P, fq- 4, So we can calculate conservative eigenvectors from primitive eigenvectors using the relations

¢ =g, p" ¢ =pp,

Observe that inner product is preserved under transformation of state variables:

R

3.2 Derivative of state variable transformation

To convert our primitive eigenvectors to conservative eigenvectors, we need to calculate the derivative of
the conserved variables with respect to the primitive variables. The conversion matrix for right eigenvectors
is

p p 0T 0
- puu + P P uu p(ua), I

(where I is the identity tensor), i.e.,

i 0 T [ p 7 1 0 0 0O 0 0 0 0 0 0]

pul U1 Ul P 0 0 0O 00O O0OO0U0O0

pU2 U9 U 0 P 0 000 0 O0O0

pus U3 U3 0 0 p 0 0 0 0 0 O

q —9 puiuy + Py /a P11 _ uiul  2puy 0 0 1 0 0 0 0O

“p puiug + Pio P2 ujuz  puz  puy 06 010000

puiusz + P13 P13 uULU3  Pus3 0 puz 0 0 1 0 0 O

puaus + Pos Pos UgU3 0 pus puz 0 0 0 1 0 O

puste + Pog Pyo U2U9 0 2pus 0 0 0O0OO0O 10

L pusus + P33 | P33 ] Lusus 0 0 2ou3 0 0 0 O O 1]

The conversion matrix for left eigenvectors is slightly different:
p p 1 0T 0 Y LR
p,=0| Mp 1/o\Mi=]_M/*  Ifp 0 |=|-up T 00|
h E—-MM/p E MM/p? —(MM)m/p 1 uu —(uu)y I
ie.,

1 0 0 0 0 0 0 0 0 O]
—u1/p 1/p 0 0 000 0O0TO
—ug/p 0 1/p 0 000 0 O0O
—us/p 0 0 1/p 00 0 0 0 O
. Uiul —2U1 0 0 1 0 00 0O
Be™ lwus —ug —wx 0 0 1 00 00
ujU3  —U3 0 —u1 0 0 1 0 0 O
UU3 0 —Uus —Uu2 000100
ULUL 0 —2us 0 000 010
| usus 0 0 —2uz 0 0 0 0 O 1]




3.3 Eigenvectors for “conserved” variables
3.3.1 Right eigenvectors for “conserved” variables

Let PR denote a matrix of primitive right eigenvectors. We can compute conservative right eigenvectors
from the primitive right eigenvectors (without ever having to write down the quasilinearized conservative
system) by the relationship

R_  _pR
Q—QBP»

where QR denotes a matrix of conservative right eigenvectors. So for the non-fast eigenvectors we have

M1 0 0 0 000 O0O0TO0] [O 0 10 0 0]
Uy p 0 0 00 O0O0O0O0 0 0 00O00O0
U 0 P 0 000 00O ¢ 0 0000
U3 0 0 p 0 0 0 0 0O 0 +£cs 0000
R |wiur 2puq 0 0 100 000 0 0 00O0O
Q - uUi1uU2 puU2 puU1 0 01 0 0 00 Pu 0 00O00O0
ulU3  pus 0 pupr 0 0 1 0 0 O 0O P; 00O00O0
ua2u3 0 pus3 pU2 0 0O0O1 00O Plg Plg 0100
UUL 0 2puy 0 0 0O0O0T1O0 2P, 0 0010
Lu3us 0 0 2ou3 0 0 0 O O 1] | O 2P;3 0 0 O 1]
T 0 T T 0 T 17 17 [0 [0] [07]
0 0 Uy 0 0 0
p(Ecs) 0 U2 0 0 0
0 p(£es) us 0 0 0
0 0 (ANY5N 0 0 0
- pui(£es) +P1y |’ 0 "luqug| 2 |07 10] 7|0
N 0 pul(:lzcs) +Pyq U1u3 0 0 0
p'LL3(iCS) +P3 pU,Q(iCS) +Pq9 U2U3 1 0 0
2pUQ(:|:Cs)+2P12 0 U2U2 0 1 0
| 0 i _QpU3(iCs)+2P13_ luguz] [0] [0] [1]
c=%cs:= LAt C;ro
L o i

The fast right eigenvectors are more involved. So we just give names to the primitive components and
multiply:

1 0 0 0 0000 O0O0] [y := pP11
up P 0 0O 0 0O0O0O0OO +(uf:= ciP11)
(%) 0 P 0 0O 00 0 O0O0 :E(U/Q:: CfPlg)
us 0 0 p 00 00 0O +(ub:= ciP13)

QR _ |mwm 2pu1 0 0 100 0 00 }P’:H = 3P11Pyq
UjU2  puz  Pul 0 01 00 0O Py = 3P5P14
uius pu3 0 puU1l 0 01 0 0O PllS = 3P13]P)11
uguz 0 pus pug 0 0 0O 1 0 O Py :=PosP11 + 2P13P12
wus 0 20up 0 0 0 0 0 1 0 Py :=PgoP11 + 2P12P1
Lu3us 0 0 2ou3 0 0 0 O O 1] L Pg3 :=P33P11 + 2P13P13



So

[0 + 0 i 0 1 T pP11
pluy +ulp Prius tcrPrip
pIUQ :|:u/2,0 ]PllUQ :ECfPlgp
pluz Tusp P11us +crlPi3p
QR _ Plulul :i:u'l(Zpul) +[P,11 — ) P1iuq (U1 + QCf) I 3P11P14
pluiug  £uf pug + ubpur+P), Priug(ur £ ¢f) £ cyuiPra 3P1oPyy
pIU1U3 :I:u’lpud + ugpul—f—IP"B Pllu;g(ul + Cf) + Cfulplg 3P13P11
plugus  FuhHpus = uspus+Phs Priugug & cpuglPio + cruslPys P3Py + 2P13P12
pIUQUQ :i:u’2(2pu2) +P,22 Piiusus + Cfu22]P)]_2 PosP1y + 2P12P1o
Lp'uzus +uj(2puz) 4P ] L Priusus + cpuz2Pis 1 LP33P11 + 2Py3/P3)

3.3.2 Left eigenvectors for conserved variables

Similarly, let P™ denote a matrix of primitive left eigenvectors. We can compute conservative left eigen-
vectors from the primitive left eigenvectors by the relationship

L L
Q =P~ Bqa
where Q" denotes a matrix of conservative left eigenvectors.

To avoid big expressions, we give a simple name to each nonzero matrix component before multiplying the
matrices.

For the slow eigenvector pair for P15 and P13 define

!
u = PHPH

]P), = CS]PH,
and define
ullb = —P1oPyq, ullc = —P13Pyq,
uhy = u’ usy, = u'
,111; = —csPya, I[Dlllc = —csP13,
,1212 = P/ ,136 = ]P)/
So in terms of these quantities the left eigenvectors are
rTolr o0 1[0 7171 1 0 0 0 00 0 0 0 O]
3P uh, uh, —ui/p 1/p 0 0 000 0O00O0
0 u’ 0 —ug/p 0 1/p 0 0 00 0O00O0
0 0 o —uz/p 0 0 1/p 00 0 0 0 O
QL = tep | |EP, | [ EPL wiug  —2up 0 0O 1000O0O
0 :HP/ ’ 0 uiLuUL —Uu9 —U1 0 01 00 00O ’
0 0 :HP), uius —us 0 —UuUl 0 01 0 0O
0 0 0 us2u3 0 —us —U2 0 00100
0 0 0 UgU2 0 —2us 0 000 010
LLOJL 0O J L 0 1. | usus 0 0 —2u3 0 0 0 0 0 1]




So

[ [ 3By, + Cfulul- -w +uui Py, £ uluQ]P” w +ugu Py, £ u1U3IP”
o F 2w U1b/P F 2urlPyyy, F uol ulc/P F 2u1lPyy, F usl’
0 u'/pF u P’ 0
0 0 u'/pFu P’
QY = +cy ’ =Py, ’ P
0 +P 0
0 0 +P
0 0 0
0 0 0
| 0 11 0 i 0
For the ¢ = 0 eigenvectors define
P}y, = 4P1aP13 — P3Py,
f9e = —3P11 P13,
l50 1= —3P11 Py,
and define
Pl i= 4Py — P1iPa, g = 4P; — P11 P33,
/12f = —6P12]P)11, /139 = _6P13P11
The left eigenvectors for ¢ = 0 are given by
3Pyl o1 TO07 770710 [ 1 0 0 0 0000 0 0]
0 0 0 0 —w/p 1/p 0 0 000000
0 0 0 0 —uz/p 0 1/p 0O 0 0 0 0 0 O
0 0 0 0 —uz/p 0 0O 1/p 0000 0 0
oL || P P |Pug| | Py wuy  —2u; 0 0 100000
0 || Pl | |[Phay| | © wus —uzs —w; 0 0 1 00 0 0
0 13¢ 0 134 wus —uz 0 —u; 0 0 1 0 0 0
0 3P%1 0 0 UgU3 0 —Uus —U2 00 0 1 0 O
0 0 | |3p2 0 upus 0 —2u3 0 0 0 0 0 1 0
Lo ] [o] [o] [3p%4]] |uus 0 0 —2u3 00 0 0 0 1]




So the ¢ = 0 left eigenvectors are

B

[3P11 — pujuq]
2pu1

OOOOO% o O

_uluﬂP”Hf + Ul’LLQP/le + U2’LL23]P)%1_
—(2uiPy p + ualPly )
0
P/
11f
Play
0
0
3P%,

'ulullF"He + ’UJ1UQ]P)/12€ + U1U3P/13e + 3’LL2U3]P)%1_
—(2urPy, + uolPly, + usPl,)
—(u1Phy, + 3usPiy)

—(u1Pys, + 3uaPY))

0

_uluﬂP”Hg + U1U3P,13g + U3U33P%1_
—(2u1Pyy ;4 ugPig,)
0
—(U1P/13g + 6usP?)
P/
11g
0
IED/13g
0
0

3P%,

4 Quasilinear system in conserved variables

Recall the ten-moment system (1.1),

6t,0+V'M:0,
GM+V -E=L()E+MxB),
m

) = L2Sym(ME +E x B).

3S ME 2MMM
OE+V - ym(ME) _ 2MM
p
In one dimension this reads
atp + 0, M7 =0,
M + 0,E,. = %(pE +MxB),
M;E + 2 E..M 2M; MM
O + 0, (~ T Sym(ErM) _ 2M
0
Observe that the flux is
M;
f = E;.

M.E+2 Sym(]El.M) . 2M1 MM
p P2

) = L28ym(ME + E x B).
m

10



To quasilinearize we calculate the derivative of the x-coordinate of the flux.

M;
E;.

- M E+2 Sym(E.M) _ 2M; MM

1

p

[e=Rlen R en]
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3E11 M
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qm3
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2
_ ]E11M2+22]E12M1 + 4M7 Mo

o3

_EnMy+2E5My 4M?T M3
3 3

P

P p
_ M1E23+]E1212V13+]E13M2 + 4M11V312M3

P

P

— MiEpp2E;pMy 4M,; M3
P 3

_ MyE33+2B13My | AMiM3
2 ;

L p

o3

p
M

E

11

M, )
K11
E12
K13
SEi My 2M3
0 2
E;1Mo+2E1oM; _ 2MiMy /a
p p’
E11M3+2E;3M;  2M7Ms
p p?
M;Eog+E1oMg+E;3Ms 2M11V212M3
P p
M, Epp4+2E1,M, _ 2Mi1M3
P p?
M; E33+2E3M3 _ 2Mi1M3
L P 2 |
0 0 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 My
P
By _ 2Mi 0 My  2My
p p? R p P
0 Ej; _ 2My Ms 0
p 1\/102 p
E13 _ 2M;Mg3 E1p _ 2M My 0 Ms
p p? p p? p
2E o 4M My 2My
p p? 0 0 p
0 2E 3 4M Mg 0 0
p 02
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