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1 Basic Equations

If we neglect spatial derivatives, then the two-fluid-Maxwell
equations reduce to an ODE. The purpose of this note is to
solve this source term ODE; we assume throughout that
spatial derivatives are zero. Neglecting spatial derivatives,
the two-fluid equations are the source terms of Maxwell’s
equations coupled to the source terms of the gas-dynamics
equations for each species.

Maxwell’s equations assert that the magnetic field is con-
stant and that the displacement current balances the net elec-
trical current:

8tB = O,
OE = —J/eg = e(neue — nyu;) /ep.
The density evolution equations assert that the densities

(whether mass density or particle density or charge density)
remain constant:

Oips =0, ie., Ong=0, ie., 0Oios=0.

The momentum equation for species s is
at(psus)

We will neglect the collisional drag force Rg. Since densities
are constant, we can divide by density.
We thus get the electro-momentum system

%, (B +u, x B) + R,
msg

O E = e(neue — niju;)/eo,

e
oy = E(E +u; X B), (1)
due = —(E + u, x B).

e
Evolution of energy is implied by evolution of momentum
(which implies evolution of kinetic energy) and evolution of
pressure (which is equivalent to evolution of thermal energy).
Note that pressure evolution is temperature evolution times
the constant density.
The five-moment pressure evolution equation

(3/2)6tps = Qs

says that pressure is constant in the absence of interspecies
collisional heating due to resistive drag and thermal equilibra-
tion. If the drag force is non-negligible, and assuming that
the resistive drag coefficient is a function of temperature, the
electro-momentum system coupled to pressure evolution com-
prises a minimally closed system. Neglecting collisional terms,
pressure evolution simply asserts that pressure is constant.

2 The electro-momentum system

Written in matrix form, the non-resistive electro-momentum
system (1) reads

__eni ENe
E 0 =0 o E
at u; | = mil —Li x 1 0 u;
U, — £ 0 B 1] |ue
Me Me

We can make this ODE antisymmetric by rescaling. For

a generic rescaling, suppose

E = EE,,
u; = ujuUjp,

Ue = UelUgg-

Making this substitution gives the system

~ _eniUig  ene Ueg ~
E OE %3 Eo g0 Ep E
=~ _ _€¢ Lo _€eb =~
O uj | = m; UiPS m; x1 0 uj
u _ e Eo eB u
Ue Me Ueq 0 Me Ue

If we require this system to be antisymmetric then

Eq
Ui

i E
= /2 and 0 &,

€0 Ueo €0

(where recall that p; = min; and p, = mene) and the system
becomes

E 0 —wi 1 we 1 E
at ﬁi = Wi 1 —Bi x 1 0 ﬁi y
an —we 1 0 ~B. x 1] |t

where each entry in the block matrix represents a 3x3 matrix
and where

ni Te
wi=¢e/—— and we=¢€,/——
Eomy EoMe

denote the ion and electron plasma frequencies and

eB and B, — —eB

B;

mi me

are the magnetic field rescaled for ions and electrons. Their
magnitudes are the ion gyrofrequency €); := |B;| and the elec-
tron gyrofrequency 2. := |Bg|.

3 Solution of perpendicular system

To solve the system we decompose into parallel and perpen-
dicular components. Without loss of generality assume that
B is in the direction of the third axis. Then our system de-
couples into a parallel system

E3 0 —Wj We E3
O | i3 Wi 0 0 uz |,
Ue3 —we 0 0 Ue3
and a perpendicular system

El 0 0 —Wj 0 We 0 El
E, 0 0 0 —wi 0  we E,
P i _ | wi 0 0 9 0 0 i
", 0 wi —% 0 0 0] |t
Ue1 —We 0 0 0 0 —Q Ueq
Ueo 0 —we 0 0 O 0 Ues



This is an antisymmetric matrix and therefore has imagi-
nary eigenvalues and orthogonal eigenvectors. If we view the
first and second components of each vector as real and imag-
inary parts, then this becomes a 3x3 complex linear differen-
tial equation with a skew hermitian coefficient matrix:

EJ_ 0 —W;  We EJ_
O | = | wi —i8Y 0 ui |, (2)
] [we 0 i) |G

where we have used the natural isomorphism between
SO(2,R) and complex numbers

. {a —b]
a+ b <— .
b a

Observe that the parallel system is the special case of this
system when the magnetic field is zero.

To generalize, suppose we want to solve the constant-
coefficient linear ODE

Seeking a solution z(t) = vexp(At) (where v # 0) leads to the
eigenvector problem

vA=A4-v, ie, (A-1X)-v=0.

We recall the theory of skew-Hermitian and Hermitian ma-
trices. Since A is skew-Hermitian (i.e. A* = —A, where * de-
notes the conjugate of the transpose), B := iA is Hermitian
(ie. B* = B).

The eigenvalues of a Hermitian matrix are real. Indeed,
assuming without loss of generality that v*v =1,

and eigenvectors for different eigenvalues are orthogonal:

Vv A1 = U5 Buy = v3B*v; = (v]Buy)* = (vjvaA2)”

*
= VyUq )\2,

which says that either viv; =0 or A\ = Ag.
Note that if (v,w) is an eigenvector-eigenvalue pair for B
then (v,iw) is an eigenvector-eigenvalue pair for A. B
To find the eigenstructure we solve B

—iw —Wwj We
O:(é—z‘w).yz wi —i( +w) 0 0. (3)
—We 0 i(Qe —w)

If this has a nontrivial solution then the first row is a linear
combination of the second two and we can ignore it. The sec-
ond two equations then show that an eigenvector must be a
multiple of the form

iﬁeﬁi
OJiﬁe )
wefBi

Q:

where

bi:=Qi4+w and
ﬂc = Qc — W,
as is confirmed (for the last two rows) by computing (A—iw)-v;

the relation implied by the first row reveals the characteristic
equation. Alternatively, the calculation

0 —Wj We iﬁeﬂi
Awv=1]w —i4 0 wiBe
—We 0 i€ We Bi
—wlfe + Wi iBe i
= | ifi(wiBe) —i%(wife) | =viw = | wife | iw
_i(weﬁi)ﬁe + 'LQe (weﬁi) weﬁi
shows that w must satisfy
Beﬁiw = w?ﬁe - wgﬁiv
w = Bi - in
w=—LF + Qe.

The last two equations confirm that

/Bi = Qi + w,

66 = Qe - W,
and substituting these two relationships into the first equa-
tion gives the characteristic equation that an eigenvalue must
satisfy:

(Qe — W) (Y + wWw = w?(Qe — w) — W2 (Y + w).
Expanding in w and collecting like terms gives

0=uw?+ (4 — Qe)w2 — (2 + wf,)m (4)
where we have used that w?QewaQi = 0 and that the plasma
frequency is wp, == /w? + w?. Thus, w =0 or

aw:aQe—QQi%¢K%—QQW+MQ@e+w@,

That is,

Q. — O Qo+ 0\ 2
w = 5 :I:\/< 5 > +wg.

For hydrogen plasmas, €, ~ 1860€2;, so

w50+ 1/(59)% + w2 for Q ~ 1860 (hydrogen)

(6)

and

Qo= (7)

for (pair plasma)

w =%/ +w?

Squaring and simplifying (5) yields

2 2 A 2
w2w2+wi(909i)\/(m) L2

p 2 2 p?

which agrees with the cutoff limits on page 116 of Goedbloed
and Poedts.!
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iﬂeﬁi
wiBe
we B
deed, w; and w, are strictly positive, and f; = ; + w and
Be = Qo — w cannot both be zero since otherwise ; = —w
and ., = w, contradicting that €; and . are both strictly
positive.

By the theory of Hermitian matrices, a full set of orthogo-
nal eigenvectors must exist. Since each eigenvector has a one-
dimensional eigenspace, there must be three distinct eigenval-
ues w.

Decompose v into real and imaginary parts:

Note that the eigenvector v = is never zero; in-

0 ﬂeﬂi
v=a+ib= |wife| +i| O
Weﬂi 0

Observe that the real and imaginary parts are orthogonal.
Note that

ﬂeBi 0
—w=b—ig=| 0 | —i |wif
0 weﬁi

is also an eigenvector with eigenvalue iw and that these two

eigenvectors are orthogonal: v*(—iv) = 2a-b = 0. The

eigenvector-eigenvalue pair (v, iw) corresponds to the solution
vexp(iwt) = (a + ib)(coswt + i sinwt)

= (acoswt — bsinwt) + i(bcoswt + asinwt)

— B 3; sin wt B coswt
= | wifecoswt | +1i |wifesinwt| ,
we B cos wt we B sin wt

and the eigenvector-eigenvalue pair (—iv,iw) corresponds to
the solution

—ivexp(iwt) = (b —ia)(coswt + i sinwt)

= (bcoswt + asinwt) + i(bcoswt — asinwt)

Be3; cos wt Be5; sin wt
= |wifesinwt | + 1 | —w;Pe coswt
we B sin wt —we B cos wt

Observe that in each of these solutions the ion and electron
currents are in phase and the electric field is 90 degrees out
of phase relative to them.

These two solutions are independent when interpreted (in
SO(2,R)) as real solutions:

El i *Beﬂi sin wt El Beﬂi cos wt
E, BeB; cos wt E, Be 55 sin wt
Wy | | wifecoswt and W1 | _ | wiBesinwt
o | | wiBesinwt Up| | —wiBecoswt
Uel we B cos wt Ue1 we B sin wit
Ueo | we Fi sin wt Ueo —we B cos wt
Evaluated at time 0 these solutions are
[ E, 0 E, Be i
E2 Beﬁi EQ 0
Eil — wiﬁe and Eil — 0
Uj2 0 Uj2 —wife
ﬁel wcﬂi ﬁel 0
_ﬁGQ 0 ﬁeQ _Weﬁi

Note that orthogonality of complex solutions is equivalent
to orthogonality of real solutions. So we have found three
distinct imaginary eigenvalues and 6 orthogonal eigenvectors
for the original 6 x 6 antisymmetric matrix.

4 Parallel system

The parallel system

E3 0 —Wi  We ]:]3
at ﬁig = Wi 0 0 ﬁi?)
ﬁeg —We 0 0 ﬁeg

is the special, singular case of the perpendicular system (2)
when the magnetic field is zero.
In this case the system (3) becomes

—Ww  —W; We
0=A-iw) v=|w —-w 0 |- v
—We 0 —w

So eigenvalue/eigenvector pairs are

0 iw
w=0, v=|we and w=ZFw,, v=|w |,
Wi —We

where wy, := y/w? + w?2 is the plasma frequency.

To get real solutions we look at the real and imagi-
nary parts of one of the complex-conjugate pair of solutions.
Choose w = w,,. Write

0 wp
a+ib=| w | +7|0
—We 0

Analogous to (3), the real and imaginary parts are real solu-
tions:

vexp(iwpt) = (a + ib)(coswpt + isinwyt)

= (acoswpt — bsinwpt) + i(bcoswpt + asinwyt)

—wp sinwypt wp COS wpt
= | wicoswpl | +1 | wisinwpl
—We COS Wyt —We Sin wpt

So three orthogonal eigensolutions are

0 —wp sinwpt wp COS wpt

We | wj coswpt |, wj sinwpt

Wi —We COS Wyl —We SInwpt
Evaluated at time 0 these solutions are

0 0 Wy

We | » Wi ) 0

wj —We 0




