Fast magnetic reconnection

with a ten-moment two-fluid plasma model

E. Alec Johnson

Department of Mathematics
University of Wisconsin — Madison

August 23, 2011, thesis defense

ral of "Ohm's law" terms at the X-point (magnetic field) att=36/ 2,

-8 -6 -4 -2 o 2 4 6 8
10-moment symmetric pair plasma

E.A. Johnson (UW-Madison) Dissertation Defense e, 1/ 54



@ Plasma modeling
@ Magnetic reconnection

@ Heat flux
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Part I: Plasma modeling
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Model hierarchy

(Boltzmann-Maxwell)

l

(10-moment Maxwell) ——— (10-moment two-fluid MHD)

l l

(5-moment Maxwell) ——— (5-moment two-fluid MHD) ——— MHD
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Two-species models: ions, electrons (s=i,e)

Boltzmann-Maxwell model 10-moment two-fluid
Maxwell model:

@ Boltzmann equations:

Oefi +v- Vi +ai-Vufi = G + Ce, @ moments:
8tf<'s+v'vxfe+ae'vvfe:Ce+Ceia Ps 1
PsUs :/ v | fidv
@ Lorentz force law E w
a; = % (E+VX B),
a, — ,?T: (E+v x B) @ closure:

@ Maxwell’s equations:

e le] 77 |de] = [ L)

V-B=0, V-E=o0/e,

U:Z%/édv, J:Z%/vfsdv

Rs = /cscs Cs dV7

Rs| v
Qs| CsCs
qgs = /cscscs f;

(cs :=v—uy)

] Csp dv,

dcs
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Two-species models: ions, electrons (s=i,e)

Boltzmann-Maxwell model 5-moment two-fluid

@ Boltzmann equations: Maxwell model:

8tﬁ +v- vxf; + aj 'va;' = Ci + Ci67 @ moments:
8tf<'s+v'vxfe+ae'vvfe:Ce+Ceia Ps 1
PsUs :/ v fs dv
@ Lorentz force law £, HVHZ
a; = % (E+VX B),
a.— % (E+v x B) @ closure:
@ Maxwell’s equations: P = /(cscs — |les]?1/3) £ dv,
0 [B E 0
\v4 = Rs v
8t |: :| + % |:—CzB:| |:—J/60:|’ |:Qs:| :/|:%||CSH2:| CSP dV7
V-B=0, V-E=o0/e,
0. = [t £ dv

U:Z%/édv, J:Z%/vfsdv

(cs :=v—uy)
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Equations of the 10-moment 2-fluid Maxwell model

Gas dynamics equations

Pi 0 0 0
O [piui]-i- V.P; ZUi[ E+u xB ] —|—[ R; ]
Pi®; Sym2(V - (Piu;)) + V - @ Sym2(uiE + @ X B) R; + Qs
Pe 0 0 0
Ot [peue]-i- V. P :ae[ E+u.xB ]—l—[ R. :|
Pe®e Sym2(V - (Peuc)) + V - 0o Sym2(u.E + e x B) Re + Q.

where 6:a = dra + V - (usc),

Maxwell’s equations Closures:
a B E _ 0 _ —1po
a |:E:| + V X |:—C2B:| - |:—C2J:| ) IRS = —Ts IIE»s
V-B=0, V-E=o/e, qs:—éKSESymB» (%-V'}I},)
gs °
O'SZFSpS7 U:Zo’s, J:Zo’sus 7R1:RC:ne’I7-J?
s s QS :?
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Equations of the 5-moment 2-fluid Maxwell model

Gas dynamics equations

| e 0 0 0
O¢ | piui | + Vpi + VP =o0; |[E+u; xB| + [R;
Pi€i V-(uipi)+V~(ui-]Pi°)+V-qi u;-E Qi
| pe 0 0 0
Ot | pele | + Vpe + V- P¢ =o0c |[E+u. xB| + [Re
Pee Ve (uepe) + V- (ue-P2) + V-qe u-E Qe
where §:a := 0cx + V - (usa),
Maxwell’s equations Closures:
o [B E 0
R R R B L
V:B=0, V- -E=o0/e, gs =—k-VT
ds —Ri = Re = nen-J?
s — —Ps, = S J= sUs
1o msp o zs:a Zs:a u Q. =7
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MHD: Maxwell's equations

Magnetohydrodyamics (MHD) assumes that the light speed is infinite.
Then Maxwell's equations simplify to

0:B+V xE =0, V-B=0,
,UJQJZVXB—JB@;E, /LoO'ZO—l-%

This system is Galilean-invariant, but its relationship to gas-dynamics is
fundamentally different:

’ variable ‘ MHD ‘ 2-fluid-Maxwell ‘
E supplied by Ohm's law evolved
(from gas dynamics) (from B and J)
J J=V xB/uo J = e(nju; — neue)
(comes from B) (from gas dynamics)
o o = 0 (quasineutrality) | o = e(n;j — ne)
(gas-dynamic constraint) | (electric field constraint)
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MHD: charge neutrality

The assumption of charge neutrality reduces the number of gas-dynamic
equations that must be solved:

@ net density evolution

The density of each species is the same:
n=n.=n

@ net velocity evolution

The species fluid velocities can be inferred from the net current, net
velocity, and density:
me J my J

Uy=u+—- —, U =U— ——.
m; + me ne mi + me ne
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MHD: Ohm's law

Ohm’s law is current evolution solved for the electric field:

E=Bxu (ideal term)
+n-J (resistive term)
+ # ) x B (Hall term)
+ ;v - (mP; — mPe) (pressure term)

+ ";iT'Ze [&:J +V- (uJ +Ju— ’"ie;p’"eJJﬂ (inertial term).

Ohm'’s law gives an implicit closure to the induction equation,
0:B +V x E =0, and entails an implicit numerical method.
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Equations of 10-moment 2-fluid MHD

Pressure evolution
nidiT; + Sym2(P; - Vu;) + V- q;
ned:Te + Sym2(Pe - Vue) + V - e

mass and momentum:
Otp+V-(up)=0
pdiu+ V- (P +P.+P)=JxB
Electromagnetism
B+ V xE=0,
J=10'V x B,
Ohm’s law
E:n-J+B><u+""%p’"eJ><B
+ éV- (meP; — m;Pe)

V.-B=0,

m;me
e2p

+
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,%ii Sym2(P; x B) +R; + Q,
,‘r’,—z Sym2(Pe x B) + Re + Q..

Definitions:
dt = 6f+us‘v,
]P)d 1= PiWiW; + PeWeWe
meJ m;J
Wi = 5 e — —
ep ep
Closures:
IRs = _7-5_1]Pso

2 . T,
qs = *ng : Sym3 (i ‘VTS)

[&HV- (uJ—&—Ju—mi%p’"eJJ)} —~R; =R. = nen-J

=7

Qs
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Equations of 5-moment 2-fluid MHD

Pressure evolution
3nde i+ piVeus +P):Vu +V-q = Q,,
%ndtTe +peV'ue +PS :vue + V'QC - Qc;

mass and momentum: Definitions:
Oep+ V- (up) =0

di =0t +us-V,
pdeu+ V- (P + P +P) =) x B e

d
. P® := piwiWi 4 peWeWe
Electromagnetism

o meJ _ m;J
dB+VxE=0 V-B=0, W= We=—
J=15'V x B,

Closures:
Ohm’s law

E=n-J+Bxu+ ™) xB P. = —2p:(Vu)®

+ &V (me(pi +P7) — mi(pe + FY)) o= —k-VT
+ e [0, 4+ 7 (w4 Ju— memeyy)] Ri= Re=nen J?
Qs =7
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Resistive MHD

Ohm’s law:

E=n-J (resistive term)
+B xu (ideal term)
+H eI x B (Hall term)
+ iv- (meP; — myIP.) (pressure term)

4 mime [@t_] +V- (uJ +Ju— ’"‘e;p’"“JJﬂ (inertial term).

e2p

Resistive MHD model:

p pu 0
9|l g puu+ (p+3|B|*)I-BB | _ 0
ot | & u(é+p+3(B|?) —B(u-B) nV - [B x (V x B)]
B uB — Bu nV?B
V-B=0
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Discontinuous Galerkin methods

Spatial discretization [Cockburn & Shu, 1990’s]

@ Basis functions:  ¢!9(x) = {... KA Xk xyk? yk—1}
@ Galerkin expansion: qh(x t) = S k2 QMO (1) ¢(O(x)
@ VT start with g+ V - = 0 and obtain semi-discrete weak-form:

/¢ gedx = — /Mv

— 307= 1 [ Vo Fa)dx o F(q) - ds

WaT

Interior Edge

@ Interior: numerical quadrature, Edge: approx Riemann soln, then quadrature
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The DoGPack software package

1

1D L
PoLY DEGREE 0-4

| SSP RUNGE-KUTTA SDC
+ ORDER 1-4 ORDER 1-5
2D CARTESIAN
PoLyY DEGREE 0-4
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Part 1l: Magnetic reconnection
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“Frozen-in" magnetic field lines

How does a plasma act differently from a normal gas?
@ moving charges — electrical current — magnetic field
@ charged particles spiral around magnetic field lines.
o viewed from a distance, the particles are stuck to the field lines.
@ so magnetic field lines approximately move with the plasma.

§ magnetic field

|
#: clectron
(@ velocity
o1 pitch angle Trajectory
G y: opening angle of particle
of radiation Electron 2 Line
cone drift . of force
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Magnetic Reconnection

Start: oppositely directed field lines are driven towards each other.
Field lines reconnect at the X-point.

Lower energy state: change topology of field lines

Results in large energy release in the form of oppositely directed jets

2D separator reconnection
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Magnetic Reconnection

o Start: oppositely directed field lines are driven towards each other.
@ Field lines reconnect at the X-point.
o Lower energy state: change topology of field lines

@ Results in large energy release in the form of oppositely directed jets

2D separator reconnection
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Magnetic Reconnection

Start: oppositely directed field lines are driven towards each other.
Field lines reconnect at the X-point.

Lower energy state: change topology of field lines

Results in large energy release in the form of oppositely directed jets
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X-point analysis

At the X-point the momentum equation (“Ohm’s law”) reduces to

rate of reconnection = E3(0) =— (resistive term)
en;

Vv.P

en;

+ (pressure term)

m; -
+—0:u;  (inertial term)
e

Consequences:
@ Collisionless reconnection is supported by the inertial or pressure term.

@ For the 5-moment model the inertial term must support the reconnection; i.e. each
species velocity at the origin should track exactly with reconnected flux.

© For steady-state reconnection without resistivity the pressure term must provide for
the reconnection.

¢, 2011 29 / 54
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Collisionless magnetic reconnection: GEM problem

[Frey et aI., Nature, 2003] BIRN ET AL.: GEM RECONNECTION CHALLENGE

4F —— Full Particle o7

Reconnection site
3 Hybrid

— — Hall MHD
—.— MHD

Proton jets

Magnetosphere
Shocked
solar wind

Reconnected Flux
N
T

Zgsm

Xasm eﬁ} Yasm

© [Shay et al., 2001]: GEM challenge problem studied reconnection rate for different
models; concluded that the Hall term is critical: (m; — me)J x B/(pe)

IMAGE SI-12
field of view

@ [Bessho and Bhattacharjee, 2007]: fast reconnection in electron-positron plasma;
Hall term is absent, dominant term in Ohm’s law is V - P

© [Chacon et al., 2008]: Fluid case: steady fast reconnection in a five-moment
viscous magnetized pair plasma

Q1: fast reconnection in an electron-positron plasma with only scalar pressure?

Q2: fast reconnection in an electron-positron plasma with 10-moment model?
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GEM: Resistive MHD (=5 x 1073)

thoatt=20

Reconnected flux vs. time

Batt=20 Batt=40
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rho‘ att=20
Reconnected flux vs. time
25 T T ™ ™
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tho att=18
Reconnected flux vs. tie :
25 ™ ™ T T

Batt=14 Batt=18
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GEM: 2-fluid 5-moment (2

Me

accumulation integral of "Ohm's law" terms at the X-point

4} == electric term
—— pressure term
331" —inertial term
3 ——residual term
P, term
25 xzx
P term
2 yz.y

0.5
08 : 5-moment symmetric pair plasma
4 5-moment pair plasma ‘
o 10 20 30 40 50 60 70 80
(entropy ) att=30/Q, (entropy ) att=36/Q,
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GEM: 2-fluid 10-moment (2

Me

accumulation integral of "Ohm's law" terms at the X-point L
T T (magnetic field) att =36/ Qi

= electric term
—— pressure term
——inertial term | : 1
—residual term

P, term
xzx

¥z,

— P term
]

: 10-moment symmetric pair plasma
1 10-moment pair plasma
Ak ! a H

0 10 20 30 40 50 60 70 80

(entropy ) att=36/Q, (entropy ) att=46/Q,

0
0
-0.5
-0.5
-1
-1
-1.5
2 15
-2
4 -2
-8 -6 -4 -2 0 2 4 6 8 -8 -6 -4 -2 [] 2 4 6 8

10-moment symmetric pair plasma 10-moment symmetric pair plasma
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(2t = 25): kinetic models vs. 5- and 10-moment

How does our model compare with published kinetic simulations on the full
GEM problem?

We compare the time until peak reconnection rate with published kinetic
results.

model ‘ 16% flux reconnected
Vlasov [ScGr06] | t = 17.7/Q;:

PIC [Pritchet01] | t = 15.7/Q;:
10-moment t=18/Q;:
5-moment t=13.5/Q;:
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models vs. 5- and 10-moment

Reconnecting flux versus time

The ten-moment
model attained 16% °
flux reconnected at

----flux exiting right side

o 4t .
= — flux across y-axis
>, -
_ . P ecreased y-axis flux e
about t — 18/Q, . B ncreased x-axis flux
E 2[ ___.integral) E_(0)
o

10-moment plasma
o 5 10 15 20 25

Reconnecting flux versus time

The five-moment
model attained 16% °
flux reconnected at

----flux exiting right side

o ar -
= ——flux across y-axis
> N _—
4 ——decreased y-axis flux "
— .. o
about t = 13.5/Q;: = |- decreased yaxis mo -
E 2[ |___.«(integraly E,(0)

5-moment plasma
o 5 10 15 20
time per gyroperiod
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Magnetic field at 16% reconne

00 128

magnetic field of [Pritchett01]

10-moment: -Batt=18/Q,

128 0.0 128

0.2
Magpnetic field lines for PIC
at Q;t = 15.7 [Pritchett01] = — 0.1
)-"‘-(Q ‘0
—_— e = ——
-0.1
“ e N
- N
lm. = R
‘ 2v
. i Lo o = "}
Magnetic field for Vlasov i—————— — §I'®

at Q;t = 17.7 [ScGr06]
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Off-diagonal components of electron pressure tensor

10-moment:P_ _att=18/Q,
exy i

i
- .-

-5 0 5
spatial unit = ion inertial length

10-moment:-P_ _att=18/Q
exz i

-_— D -

5 ) 5
spatial unit = ion inertial length

10-moment: -P_ att=18/Q,
eyz i

- — -
— -

Off-diagonal components of the
electron pressure tensor for 10-moment

-5 0 5
spatial unit = ion inertial length

simulation at Q;t = 18
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-0.02

0.01

-0.01

0.01

-0.01

0.013989
0008905

. 0.000000

| -000e995

-12.8 x 12.8 oasea
0019778

0.009389

32

Rt x 128 I oaossar

Off-diagonal components of the
electron pressure tensor for Vlasov
simulation at Q;t = 17.7 [ScGr06]
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Diagonal components of electron pressure tensor

10-moment: P__att=18/Q
exx i

0.15

0.1

iﬂ.05
0

5 ) 5
spatial unit = ion inertial length

10

10-moment: P att=18/Q
eyy i

- ) 5
spatial unit = ion inertial length

10-moment: P att=18/Q, 0137501

0.15
2| 0.110658
0.1
0| 0.083812
2 Iu")5 En.usm?
-m spal-isal unil:io: inertial Ieflgih * 128 x 128 Ll
Diagonal components of the electron
Diagonal components of the electron pressure tensor for Vlasov simulation at
pressure tensor for 10-moment Q;t = 17.7 [ScGro6]

simulation at Q;t = 18
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Electron gas at t = 16

Problem: the code crashes! Why? Look at electron gas dynamics:

(Te22)att=16/ @, 1/rho ) att=16/2,
6
0.2 120
4
2 l0.15 100

| — e { -80
0 -

o —— — 101 -60
* 0.05 0
4 ’ Izo

6 -
-10 -5 o 5 10 ° -10 -5 0 5 10 °
10-moment two-fluid plasma 10-moment two-fluid plasma
(Telt)att=16/ Qi (emropye)att=16/9i
0
§ 0.2 §
0.5
4 4
1
2 0.15 A

0.1

R
B

5t o
S
g
g

b &
H

-10 5 o 5 10 ° -10 5 0 5 10

10-moment two-fluid plasma 10-moment two-fluid plasma
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Electron gas at t = 20

Problem: the code crashes! Why? Look at electron gas dynamics:

(Te2)att=20/ @,

b A B

-5 o 5
10-moment two-fluid plasma

(Tettyatt=20/ @,

b A R

-5 o 5
10-moment two-fluid plasma
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1./(rhoe) att=20/Q i

-10 -5 0 5 10
10-moment two-fluid plasma

(emropye) att=20/ Qi

-10 -5 0 5 10
10-moment two-fluid plasma
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Electron gas at t = 26

Problem: the code crashes! Why? Look at electron gas dynamics:

(Te22)att=26/Q,

N S

-5 o 5
10-moment two-fluid plasma

(Tett)att=26/ 9,

P

-5 o 5
10-moment two-fluid plasma

. Johnson

W-Madison)

Dissertation Defense

1./(rhoe) att=26/Q i

-10 -5 0 5 10
10-moment two-fluid plasma
(emropye) att=26/Q ;
8 1
. N
-1
- ——
L2
- - I_3
6
-10 5 0 5 10

10-moment two-fluid plasma
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Electron gas at t = 28 (just before crashing)

Problem: the code crashes! Why? Look at electron gas dynamics:

(Te22)att=28/ @, 1/rho ) att=28/ @,
25 Izsoo
|5 2000
15 - -1500
1 11000
-4 0.5 500
-10 -5 o 5 10 ° -10 -5 0 5 10 °
10-moment two-fluid plasma 10-moment two-fluid plasma
(Tet)att=28/ 0, (entropy )att=28/Q,
'o.s
10.4
-2|
0.2
-4

5 o 5 °

10-moment two-fluid plasma

10
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Heating singularity (2 =

A heating singularity develops between 20% and 50% reconnected flux which
crashes the code or produces a central magnetic island.

@ (T.),, becomes large.

@ (T¢)xx becomes small.

@ p. becomes small.

@ electron entropy becomes large.

These difficulties prompted me to study whether nonsingular steady-state
solutions exist for adiabatic plasma models.
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Steady magnetic reconnection requires heat flux

Theorem. 2D rotationally symmetric steady magnetic reconnection must be
singular in the vicinity of the X-point for an adiabatic model.

Argument. In a steady state solution that is symmetric under 180-degree rotation
about the X-point, momentum evolution at the X-point says:

~R;i | VP
+

en; en;

rate of reconnection = E3(0) =

Assume a nonsingular steady solution. Then at the origin (0) no heat can be
produced, so R; = 0 at 0. Differentiating entropy evolution twice shows that
V .P; =0 at 0. So there is no reconnection.
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Part Ill: Heat flux closure
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Heat flux closure

We need a nonzero heat flux closure. | advocate to use:
21 L7 - Ts
Qs = _gksKs : Sym3 ? -VTs ),
here k is the heat conductivity. In the absence of a magnetic field K is the
identity tensor [McDonald and Groth, 2008].

What should K be in the presence of a magnetic field?
@ depends on collision operator.

@ | assume a BGK collision operator.
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BGK collision operator

Recall the Boltzmann equation,
at’g + V- (Vfb) +Vy- (asé) = G.
The BGK collision operator relaxes f; to a Maxwellian distribution:

fam — £

Ts

C =
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Closure coefficients for heat flux tensor

For the heat flux coefficients a Chapman-Enskog expansion assuming a BGK
collision operator yields

K= (1ﬁ +31)(13 + 11%))

3
NI 11L112—w1A12)
1 2( I I
+w ) (1)

3 ]li—]lA
+ 17 402 ( 5 ]1|| _2w:“.A]lJ_]l|‘

+ (ko3 4+ ky1n13 + ko121, + k313);

here @ := TSr%SS|B| is gyrofrequency per collision frequency, b := B/|B]| is the
direction vector of the magnetic field, 1 is the identity matrix, and 1 := bb,

1, :=1-1y, and 1, = 1 x b generate gyrotropic basis tensors. The remaining
coefficients are. ..
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Closure coefficients for heat flux tensor

P R
3 1 1002 1 9wt - “ =)
 6w? + 3w(1 + 3w?)ks .
k2 = 1 T 7w2 = (’)(w ),

—3w + 2wko 1 -3
ki =———— < - _
! 1+ 3w? @+ 0(@),
ko =1 + wk = (wiz).
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Closure coefficients for heat flux tensor

All tensor products in equation (1) are splice symmetric products, satisfying
2(AB)jyjakske = Ajyky Bjaka + Bjykg Ajzke and

3UABC)jyjajskikaks :=Ajuks Biaka Cisks T Ajsky Ciaka Bisks
+Bjyky Ajaka Cisks T Bjsky Ciaka Ajsks
+ Cjl'1 k1 Ajz k2 Bjs ks T CJ'1 k1 B_iz ka2 Aj3 k3

(so permute the letters and leave the indices unchanged).
For computational efficiency instead use splice products,

! e . .
(AB)J'U'zlﬁkz " AJlkl szkz’
/ — . . .
(ABC)j1jzj3k1 kaks " AJ1 ka sz ka stkzv

and symmetrize at the end:

~ Ty
qs = —%ks Sym (K; : Sym3 (s -V’]I‘S>) :
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Clean up my dissertation (!)

Develop DoGPack.

Develop Boundary Integral Positivity Limiter framework.

Study 10-moment two-fluid tearing.
@ Implement heat flux closure.

@ Lorentz-invariant heat flux evolution.
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